We present a novel approach to the treatment of thermal fluctuations in the (3+1)-D viscous hydrodynamic simulation MUSIC. The phenomenological impact of thermal fluctuations on hadronic observables is investigated using the IPGlasma + hydrodynamics + hadronic cascade hybrid approach. The anisotropic flow observed in heavy-ion collision experiments is mostly attributed to the hydrodynamic response to the event-by-event collision geometry and to the subnucleon quantum fluctuations. However, hydrodynamic fluctuations are present during the dynamical evolution of the Quark Gluon Plasma (QGP) and are quantified by the fluctuation-dissipation theorem. They can leave their imprint on final-state observables. By analyzing the thermal noise mode-by-mode, we provide a consistent scheme of treating these fluctuations as the source terms for hydrodynamic fields. These source terms are then evolved together with hydrodynamic equations of motion. Such a treatment captures the non-perturbative nature of the evolution for these thermal fluctuations.
Introduction
Relativistic viscous hydrodynamics has been very successful in explaining a large number of experimental observables in the heavy-ion collision program [1, 2] . The standard modelling of heavy-ion collisions uses an initial-state model followed by hydrodynamic expansion and hadronic cascade. Usually the only source of fluctuations included in the modelling is at the initial stage. Recently, interest in the effect of thermal hydrodynamic fluctuations has grown. The fluctuation-dissipation theorem states that fluctuations and dissipation go hand-in-hand. In this work, we implement the evolution of thermal fluctuations in MUSIC. Its effect on final state observables is studied.
Previous works have estimated the effect of thermal fluctuations in the context of simplified Bjorken [3] or Gubser flows [4] . More realistic simulations have treated fluctuations as a perturbation [5] or have used smearing of noise terms [6] . Building on those works, a systematic mode-by-mode analysis is done here to treat noise evolution within the hydrodynamic framework consistently. This technique could potentially be used for studying the critical fluctuations which are crucial in search for the critical point of the QCD phase diagram. 
Implementation of stochastic source terms in the hydrodynamic framework
Thermal fluctuations are introduced as a stochastic component of the energy-momentum tensor in fluid dynamics. The total energy-momentum tensor is conserved
Here, T µν ideal is the ideal component of the energy-momentum tensor, π µν is the shear viscous term, Π is bulk pressure and ∆ µν = g µν − u µ u ν where g µν is mostly negative metric tensor and u µ is the four-velocity. Both shear and bulk tensors have their evolution equations which, along with the equation of state, complete the system of equations for non-stochastic hydrodynamics.
The noise term S µν also has an evolution equation with a random stochastic term [7, 8] (
Here τ π is the shear-relaxation time. Fluctuation term S µν can also be broken into two separate contributions with fluctuations associated with shear and bulk dissipation. In this work, only the contribution from shearfluctuations is included. Bulk-fluctuations will be included in future work. Finally, the random noise term has an auto-correlation function given from the fluctuation-dissipation theorem [5] 
Solving stochastic hydrodynamics could be tricky as one runs into issues with the noise term. The noise term is white i.e., noise in one cell is uncorrelated to noise elsewhere. This could result in arbitrarily large gradients in the system which is problematic for any PDE solver. Also noise contribution could be larger than the background itself. This could lead to negative energy densities which is clearly unphysical.
These issues can be avoided through the mode-analysis of the noise. The high frequency modes (wavenumber >> √ ω/τ π ) decay on a very small time scale [9] and are not relevant for this study. Here ω is the macroscopically relevant frequency.
The random noise term ξ µν is sampled from a Gaussian distribution, whose variance is specified in Eq. (3). Use of Gaussian random numbers is justified because of the Central-Limit Theorem. We take the Fourier transform of the sampled noise using the FFTW package [10] . Cutoff wavenumber p cut is determined locally in each cell. For this study, p cut = 0.6/τ π . Noise is inverse Fourier transformed in each cell with all modes above p cut set to zero. Figure 1 shows one sampled component before and after high mode removal.
The framework and transport coefficients used are same as our previous study without thermal fluctuations [2] . 
Results
First, it needs to be tested if the results are indeed p cut -independent. Different values of p cut are used and the results for v n are plotted in figure 2 as a function of n. There is statistically significant effect on v 5 and v 6 . Here the increment due to fluctuations is p cut independent which points to the fact that high wavenumber modes are indeed decaying fast. Having more effect on higher flow harmonics is also reasonable as those are more dependent on the small scale fluctuations, the kind being studied here.
Next the particle multiplicities and their v n as a function of centrality is shown in figure 3 . As one can see, multiplicity is unaffected by the thermal fluctuations. Thermal fluctuations can cause entropy production (and by extension the multiplicity) to fluctuate around a mean value. However, their ensemble averaged value is unaffected [11] .
There is no statistically significant effect of thermal fluctuations on integrated charged particle v 2 , v 3 and v 4 . This implies that the fluctuations from the initial state IP-Glasma are more prominent at these centralities as far as these observables are concerned.
Next event-plane correlators are considered which are more susceptible to small scale fluctuations. The event plane correlator cos[4(Ψ 2 − Ψ 4 )] is plotted in figure 4 . Even though values of v 2 and v 4 do not change much with thermal fluctuations, their respective planes are more decorrelated. This is in line with the previously known result that the thermal fluctuations decorrelate flow angles between different p T bins [6] . their correlations. In future, more such small scale fluctuation sensitive observables such as the distributions of multiplicity and v n will be evaluated. Recently, experimental collaborations have measured higher flow harmonics which again carry a strong signature of thermal fluctuations. Stochastic hydrodynamic simulations would give better phenomenological understanding of these. Using non-boost invariant initial conditions, rapidity dependence of two-particle correlation could be calculated. Bulk fluctuations could be treated in a similar fashion and will be included in future. This new approach could be used to revisit several of the physical parameters associated with the different epochs of the collision history, particularly the QGP phase. The fluctuation strength is a function of temperature. So, the larger fluctuations at earlier times in the evolution will then leave their signature on those observables which decouple from the system then.
Discussions and Outlook
With this technique in place, small systems could potentially be studied. There thermal fluctuations are expected to be more dominant [4] . This could also possibly be used to look at large fluctuations near the critical point.
